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Improved Theory for Contact Indentation
of Sandwich Panels

Robin Olsson* and Hugh L. McManus1"
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139-4307

Core crushing and large face-sheet deflections are incorporated in a theory for contact indentation of sandwich
panels. The model is based on the assumption of axisymmetric indentation of an infinite elastic face sheet bonded
to an elastic-ideally plastic core on a rigid foundation. After core yielding, the problem is separated into an outer
region where the core is elastic and an inner region where the core exerts a constant reactive pressure on the
face sheet. The outer region is modeled as a plate on an elastic foundation. The inner region is modeled using
small-deflection plate theory, first-order large-deflection plate theory, and membrane theory. The unknown plastic
radius is found by matching the boundary conditions for the two regions. The extension of the model to orthotropic
face sheets is indicated and demonstrated by examples. The predictions are in close agreement with experiments,
which contrasts to previously published models where membrane effects and core crushing were neglected. The
model can be used for unproved modeling of impact on sandwich panels.

I. Introduction

IMPACTS on sandwich panels with laminated face sheets can
result in substantial strength reductions and face-sheet delami-

nations similar to those observed in monolithic laminates. Studies
of the problem have been reviewed by Tsang1 and are, in most
cases, experimental works aimed at determining damage size rela-
tive to impact energy. Analytical models2"7 of the impact response
of sandwich panels have, with two exceptions,2'6 been based on
empirically determined static load-indentation relations. The static
indentation of sandwich panels has been studied experimentally3"9

and analytically6"8 •10 using small-deflection theory and an assumed
elastic core behavior. In most cases the predictions were in poor
agreement with experiments, except for the early part of the load-
ing. In practice, core-cell crushing and face-sheet deflections much
larger than the face-sheet thickness are observed. In the present
work, core crushing and large face-sheet deflections are incorpo-
rated in a simplified dimensionless theory for contact indentation of
sandwich panels, resulting in a significantly improved description
of typical experiments.

II. Problem Definition
The problem under consideration is to determine the load-

indentation relation for an elastic hemispherical body indenting a
sandwich panel. The model assumes axisymmetry and considers a
concentrated load on an elastic, infinite face sheet resting on a core
that is bonded to a rigid foundation. The core is assumed elastic in
tension but elastic-ideally plastic in compression, which is a rea-
sonable approximation for the observed behavior of typical core
materials.11 The face sheet, of thickness h, is characterized by the
inplane modulus Er, Poisson's ratio vr, and plate bending stiffness
Dr. The core, of thickness hc, is characterized by the elastic foun-
dation stiffness k and compressive yield stress pQ. The coupling
between deformations resulting from bending, shear, and Hertzian
indentation of the face sheet is neglected. After core yielding, the
problem can be separated in two models as shown in Fig. 1.
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For convenience, we use the following simplified notation for the
face-sheet elastic, properties, stress resultants, displacements, and
slope:

Dr -> D,

ur(a) -> M,

:, Mr(a) -+ M

Nr(a) -> N

w, w(a) -> wa

dw(a)

(1)

dr
We also define the following dimensionless quantities:

L£ = D/k

M

F =

P =

pa = a/L0 = a

(2)

(3)

(4)

(5)

(6)

(7)

Here p is a general dimensionless radius, a is the_dimensionless
plastic radius, F is the dimensionless contact force, M is the dimen-
sionless edge moment at r —a, and L0 is a characteristic length
dependent on the plate stiffness and foundation stiffness.

Elastic
foundation Q
model:

Fig. 1 Substructuring of the model problem.
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III. Plate Solution for Small Deflections
A general theory for Kirchhoff plates on a shear deformable foun-

dation is given in Ref. 12, and a theory for a shear deformable plate
can be found in Ref. 13. When shear deformation is neglected, the
equilibrium equation for axisymmetric deformation of a plate on
an elastic foundation can be written in the following dimensionless
form12:

+ w(p) = q/k (8)

where A^ = d2/dp2 H- p~ld/dp, where q is the load applied on the
upper surface of the plate. The maximum deflection under a point
load on an infinite plate is given by12

(9)

After core yielding, the point load is excluded from the elastically
supported region and the deformation is governed by the homoge-
neous version of Eq. (8). The reactive pressure p in the elastic area
is given by p = kw. Hence, after core yielding, the deflection wa
at the elastic-plastic transition radius will be given by

wa = po/k (10)

where po is the compressive yield stress of the core. The critical
load at initiation of core yielding is obtained by combining Eqs. (9)
and (10):

Fcr = (11)

The general solution to the homogeneous differential equation,
Eq. (8) is given by12

w(p) = C2v0(p) + C3/o(p) + C4g0(p)

where
un(p) + ivn(p) = Jn

(12)

The real functions un, vn, /„, and gn are the real and imaginary parts
of the nth-order Bessel function Jn and nth-order Hankel function
of the first kind, #n

(1).
For an infinite plate, a bounded solution forces the constants C\

and €2 to be zero, and the solution takes the following form12'14:

w(p) = wa[C3f0(p) + C4g0(p)] (13)

(14)

i=3

f i r — — —

i(p) - (1 - v)M/(p)] (15)

(16)

where

i = Ci/Wa = (17)

where Mr is the moment and Qr is the shear force on surfaces normal
to the radius. The functions /0, go, ft, M/, Af/, and Qt are given by

fn =

gn =

<93 =
\/2 A/2 (18)

O = -(2/n)(-l)nkeinp

i) = -(2/7i)(-\)nkernp

fi-gi » f i

= -go,

M4 = 04/p

fi3 = -84,

Here kern and kein are the real and imaginary parts of Kelvin
functions.14 Tables of /„ and gn can be found in Ref. 13.

The unknown constants and the plastic radius can be determined
by matching three of the expressions in Eqs. (13-16) with corre-
sponding expressions for the inner region. The bending solution
wb for the inner region is obtained by superposition of standard
solutions15 for the bending deflection attributable to a central point
load, a uniform pressure, and an edge moment on a simply supported
plate, which, by use of the dimensionless quantities in Eqs. (2-7),
can be written

wb =
F2a2

l6n2p0D(l + v) (19)

(20)

The edge shear force Q is obtained from vertical equilibrium of the
inner plate region:

(a2 ~ (21)

After core yielding, the compatibility conditions at the plastic radius
are

w(a+) = w(a.) = wa

9(a+) = 9(a.)

Q(a+) = Q(a.)

(22)

(23)

(24)

Now, the three unknowns C3, C4, and pa can be determined from
the three compatibility equations (22-24). Equations (13-22) im-
mediately give

1-Ca/o
80

(25)

Matching shear loads, Eqs. (21) and (16), and using Eqs. (2-7) and
(25), we find

(26)
G3-G4/0/gO

Matching slopes, Eqs. (20) and (14), and using Eqs. (2-7),_we finally
get the following dimensionless equation relating pa to F:

C3[M3 - (1 - v)M3] + C4[M4 - (1 -

(2F - p2)/8 = (27)

The solution to Eq. (27) was obtained by numerical iteration to find
F for different values of the argument pa. Poisson's ratio affects the
resulting edge moment, but no effect was seen on the plastic radius.

IV. Additional Sources of Flexibility
The additional displacements attributable to shear deformation ws

and the approach a between the face sheet and indentor attributable
to contact stresses become significant for small plate deflections.

The approach a and contact radius c between the indentor of
radius R and the face-sheet backface attributable to contact stresses
are given by16

where

1/C« = 1/22

The out-of-plane stiffnesses Q\ of the face sheet and
indentor are given by

g,. = £,/(!-v,2)

(28)

(29)

of the

(30)
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For laminated anisotropic face sheets the out-of-plane stiffness and
modulus are approximately equal.16

As shown in Ref. 14, the shear deformation ws in the inner region
is obtained by superposition of the shear attributable to a uniform
pressure15 and a concentrated load17 uniformly distributed inside a
small radius c:

1.0

- 4vrzGrz/Er)[l - a2/* + | - a2/4
F (3D

After core yielding, the total center deflection is given by

w — a. + wa + Wb + ws (32)

V. Plate Solution for Large Deflections
Increasing deflections increase both the magnitude and the ver-

tical component of the membrane stresses, resulting in a geometri-
cally nonlinear load-deflection relation. Significant deviations from
small-deflection theory are seen for deflections in the order of
the face sheet thickness. The small-deflection solution is based on
linear theory, although core crushing results in a nonlinear load^-
displacement relation. Here the terms linear and nonlinear solution
are used to refer to solutions based on small- and large-deflection
theory. If shear is neglected, we obtain18 the following type of rela-
tions between the loads in the linear (FL) and first-order nonlinear
(FNL) solutions for a given deflection:

FNL/FL = 1 + kmw2 where w = w/h (33)

Here km is a dimensionless membrane stiffness that depends on the
boundary conditions and the type of load. The present problem in-
volves the combination of a central point load and a uniform reactive
pressure as well as rotational and radial-edge constraints. No gen-
eral analytical solution was found to this problem, and solutions for
a combined point load and uniform pressure on a circular plate were
found only for clamped boundary conditions.

In the following, an approximate solution is obtained by con-
sideration of the constraints on the edge of the plastic region and
linear interpolation between the solutions for clamped and hinged
edges that are either radially sliding or fixed.. The dimensionless
membrane stiffnesses for clamped conditions are obtained from the
second term in published series solutions.19'20 Approximate expres-
sions for the hinged cases can be derived14 from the clamped cases
by adding a correction corresponding to the vertical component of
the edge stress. Here, only the final expressions are given.

1) Edges in sliding clamps (N = 0, 0 = 0):

l - v > 2

10,800
(1212A,3 + 4409X2 - 388X + 2190) (34)

where X = ft /(I +4 ft) mdft = F/(qna2). In the present problem,
q = -poand/3 = -I/a2.

2) Edges in fixed clamps (u = 0, 0 = 0):

205 791\ 1 / 20 953\
4°* - «V + %T3 + Tia* ~ 150 J

1728
(35)

= (9 - 7v)/(l - v)

where

«3 = (5 - 3v)/(l - v)

3) Edges in sliding hinges (TV = 0, M = 0):

0.8-

0.6-

0.4-

0.2-

0.0
10 15 20 25

Load, F
30

Fig. 2 Functions for large-deflection plate solution: • • • • • , / / ; ——, km;

4) Edges in fixed hinges (u = 0, M = 0):

(37)

The expression for km4 in Ref. 14 has been corrected. Note that
a2 = 2 corresponds to zero, edge moment and slope. For a point
load (a2 — 0) the stiffness for sliding hinges is in close agreement
with published closed-form solutions whereas the stiffness for fixed
hinges is 37-56% higher than the closed-form solutions.18'21

5) Combined edge constraints (N ̂  0, M ^ 0). The dimension-
less membrane stiffness kmci for the radially constrained clamped
case is obtained by linear interpolation between the fixed- and
sliding-edge cases:

Y N \ -
= ki + I — —— }[km2 ~ kml

\ Mixed/
(38)

where the ratio N/Nfixed is assumed to be equal to <7/afixed in
Eq. (53). The stiffness &mhi in the hinged case is obtained by an anal-
ogous interpolation between cases 3 and 4. The membrane stiffness
for the rotationally and radially constrained case is finally calculated
by linear interpolation between the hinged and clamped cases:

where Mc\ = a2—2. Here Mci is the edge moment in a clamped plate.
After consideration of the change in plastic radius14 attributable to
the increased edge load, the relation between the loads for the linear
and nonlinear solutions is given by

+ kmw2)/[l + (km - £mci)u)2f (40)

where the exponent JJL is given by the local slope in a log-log plot of
the plastic radius vs load. Here, it is assumed that both dimensionless
loads are defined using the plastic radius given by Eq. (27). The
functions of Eq. (40) are shown in Fig. 2.

VI. Membrane Solution
For large deflections (w/h > 1) the face-sheet stress state will'

gradually be dominated by the membrane stress ar (Fig. 3). The
major membrane effect obviously will come from the inner region
because slopes in the outer region are small. We model the face sheet
in the inner region as a pure membrane, while continuing to model
the surrounding face sheet as a plate.

Vertical equilibrium for the inner region is given by

F - - 2naahO = 0

The boundary conditions at the plastic radius are

w(a_) = w(a+) = wa

M(a.) = M(a+) = 0

(36)

(41)

(42)

(43)

(44)
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Fig. 3 Membrane under combined loading.
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Fig. 4 Edge moment and plastic radius for v = 0.3: - - - -, plate; and
——.membrane.

because membranes are unable to carry moments and shear. Equa-
tions (13-17) are still valid for the outer, elastically supported, re-
gion. The displacement condition at the plastic radius and thus the
relation between C3 and Q in Eq. (25) remains unchanged. Satis-
faction of Eq. (43) together with Eq. (15) and use of Eqs. (2-7) gives
an additional equation from which the constant C3 can be solved:

l/C3 = /o-
go[M3 - (1 - v)M3]

M 4 - ( l -v)M 4
(45)

Combination of Eqs. (16) and (41) with the boundary condition
in Eq. (44), rearrangement of terms, and use of Eqs. (2) and (7)
finally gives the following equation for dimensionless plastic radius
vs load:

a - Pa

- G4/o/go) + 24/go
= 2 (46)

In Fig. 4 the dimensionless plastic radius of the membrane solu-
tion for v = 0.3 has been compared with the corresponding dimen-
sionless radius and edge moment of the plate solution.

To calculate the membrane deflections in the inner region, we
must determine the constraint from the surrounding face sheet. The
general solution for an axisymmetric membrane stress state is given
by22

ar = A^r2 + A2(l + 2 &v r) + 2A3

o9 = -Ai/r2 + A2(3 + 2 &v r) + 2A3
(47)

If plane stress conditions are assumed, the radial strain is given by

the radial displacement in the outer region. At the plastic radius, we
obtain the following stress-displacement relation:

The radial edge constraint on the inner region in the plate solution
can be estimated by considering a uniform stress state ar = a<p = a.
The total membrane strain attributable to constrained edges and a
uniform stress state in the inner region is then obtained by adding the
strain resulting from the edge displacement prescribed in Eq. (51) to
the strain in the case with fixed edges, which results in the following
relation:

(1 - v)(a/E) = (1 - v)(crfixed/£) - (1 + v) (52)

where a is the radial-edge stress in the case with radially constrained
edges and orfixed is the stress when the edges are fixed. By solving
for the radial-edge stress a, we obtain the following relation for a
radially constrained membrane in uniform plane stress:

:( l-v)/2 (53)

A general solution for a point load on an initially flat mem-
brane with a prescribed relation between edge displacement and
edge stress is given in Ref. 23, which also includes an experimental
verification. The deflection in the case of interacting loads cannot
be obtained through superposition of the single-load cases, because
of the nonlinear nature of the membrane equations. However, the
solution for a point load represents an upper bound for the deflection
in the combined-load case. The inclusion of a reactive pressure in
the solution for a point load23 is associated with significant mathe-
matical difficulties.

In the following, an approximate solution is derived using the
Ritz method, which gives a lower bound of the exact solution for
the combined-load case. A previous version of the solution14'24 is
improved here by omitting the simplifying assumption of a uniform
stress state. For simplicity the assumed deflection shape is given by
a second-order polynomial, which describes the shape of a cable
under a constant load per unit length.25 After consideration of the
condition of zero deflection at the membrane edge, the assumed
deflection shape can be written

= [l + C(s-s2)-s2]wm (54)

where s = r/a. Here, wm is the central membrane deflection at-
tributable to the combined load, and C is a shape parameter. The
radial displacement ur is assumed to be a linear function of the edge
deflection u:

ur = ru/a (55)

Assuming small strains and rotations, the kinematic relations of the
membrane are given by15

dur 1/du
(56)

B =

Assuming plane stress, the constitutive relations of the membrane
are given by22

Sr = dr E
The boundary conditions for the outer region are

ar(d) = a\ar(r) and ur(r) -> 0 as r oo (49)

Satisfying the stress condition in Eq. (49) at infinity forces the con-
stants A 2 and A3 to vanish. By solving for the constant AI , we obtain
the following expressions for the stresses:

-<39 — Gr = cr(a/r) for r > a (50)

By inserting Eq. (50) into Eq. (48), integrating, and satisfying the
displacement condition in Eq. (49), we obtain the expression for

ar = 1 .(57)

For a linearly elastic material and plane stress, the total potential
energy n of the membrane is given by22

= u - w
where

T T 1 / 9 9 ,-*U = — I (ar + a* — 2vcrrcfy

r= Fwm — I pQw(r)2nhrdr
Jo

(58)
W
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where U is the internal strain energy and W is the work done by ex-
ternal forces. The final expression for the work function is obtained
by integration and use of Eqs. (3) and (54):

W = Fwm[l-a2(3 + C)/6] (59)

For small rotations, dw/dr
in Ref. 23 simplifies to

1 , the horizontal equilibrium equation

or = ar + r
dr

(60)

where a, = Nj/h. By use of Eq. (60), the strain energy U in Eq. (57)
can be expressed in the following form:

u =
The stress in the outer region is now given by Eq. (50). The stress
in the inner region can be expressed in terms of the displacements
u and wm through Eqs. (54-57). The edge displacement u can be
expressed in terms of the edge stress a by the use of Eq. (51). Finally,
the edge stress can be expressed solely in terms of the displacement
wm by evaluating the resulting stress expression at the plastic radius
and solving for a. The resulting strain energy expression then can
be written:

15

(62)

By inserting Eqs. (59) and (62) in Eq. (58), we obtain an expression
for the potential energy of the membrane. Differentiating with re-
spect to wm and equating to zero, we obtain the following expression
for the central deflection:

where
- v2)2[l - a2(3 + C)/6]/(27T2)

(1C2 + 32C + 40)(C + : - v)2(2 + C)4/8
(63)

The constant C can be determined as a function of the dimensionless
plastic radius by differenting the potential energy with respect to
C and equating the resulting expression to zero, which gives the
following equation:

i an */>
FWn

(2 +

(
14C2 + 55C + 56

15

(64)

The above equation is solved for C by iteration, and the value of
the function fw is calculated. Note that fw is, in effect, a reduction
factor to the solution for a point load with no reactive pressure, where
fw should be equal to unity. The edge slope angle is obtained by
evaluation of the derivative of Eq. (54) at the plastic radius (5 = 1):

dw (65)

Note that the physical limits of 9 correspond to a value of C in
the range — 2 < C < — 1. The function fw and the normalized edge
slope angle 9/(wm/a) for v = 0.3 are shown in Fig. 5.

According to the membrane theory, a point load will result in
a noncontinuous slope (a cusp) at the origin (Fig. 6). In practice,
the load is distributed over a small area and locally the radius of
curvature of a perfect membrane will be equal to the indentor tip
radius. The contact radius can be estimated by equating the slopes
of the indentor surface and the assumed membrane shape. A simple
expression14 for the contact radius r\ is obtained under the assump-
tion that it is small in comparison to both the plastic radius and the
indentor tip radius. For true membranes, no Hertzian contact will

c
.2 0.9

oo

0.8
10 20 30 40

Load, F
50

Fig. 5 Membrane deflection and edge slope normalized by the point
load solution.

Fig. 6 Geometry under the indentor.

occur. Thus, the total membrane deflection after removal of the cusp
is given by

Z(ri)

wm - (66)

where the last term represents the cusp correction. In practice, the
assumption of a comparatively small contact radius is often vio-
lated, which requires a more complex expression for the last term
ofEq. (66).

VII. Additional Considerations
An approximate solution for orthotropic face sheets can be ob-

tained by length scaling14 and use of the following effective plate
stiffness:

jr/2 )' 0< A < 1

1)] r- (67)

1 < A

where 5* = D*/J(DxDy) and A = Dxy/J(DxDy). K(s) is the
complete elliptic integral of the first kind. The effective membrane
properties are given by their average in-plane values.

The foundation stiffness in the present14 one-dimensional core
model is given by

k=Qc/h*c (68)

where h* = min(hc, h3
c
D). The core stiffness Qc is defined as in

Eq. (30). The effective core thickness h* is limited by h?c
D, which is

an equivalent thickness obtained when matching14 the displacement
in Eq. (9) to the corresponding three-dimensional solution26 for a
plate on an elastic half-space:

Bounds for the residual indentation can be obtained by consider-
ing the energy lost in plastic deformation.14

VIII. Results and Discussion
If the deformation attributable to shear and Hertzian contact

are neglected, then the load-displacement relation can be put in a
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Fig. 7 Comparison of load-indentation solutions: ——, plate, nonlin-
ear;——, membrane; and • • • •, plate, linear.

•o
COo

0 1 2 3

Indentation, w [mm]

Fig. 8 Comparison with experiment by Tsang (Ref. 7): ——, plate,
nonlinear; ̂ ,̂ experiment; ——, membrane; and • • • •, plate, linear.

Tl
(0
O

0 1 2 3 4

Indentation, w [mm]

Fig. 9 Comparison with experiment by Williamson and Lagace
(Ref. 9): ——, experiment; ——, plate, nonlinear; ——, membrane; and
• • • •, plate, linear.

simple dimensionless form by normalizing with the indentation re-
quired for core yielding. In Fig. 7 the membrane and plate solutions
are compared for some different values of the critical indentation.
The load history generally consists of three segments: an initial
linear part prior to core yielding at the critical load Fcr & 2.5, fol-
lowed by a softening, and later a gradual membrane stiffening for
larger deflections. The small-deflection plate solution is applicable
for deflections up to one face-sheet thickness, whereas the mem-
brane solution represents an asymptotic solution for much larger
deflections. The large-deflection plate solution can be applied for
intermediate deflections.

A good agreement was generally found when comparing14 the so-
lution with several published experimental studies.3'5-7'9 In Fig. 8

the theory is compared with an indentation experiment on a panel
with 0.8-mm graphite-epoxy face sheets on a 12.7-mm rigid foam
core.7 In accompanying impact experiments, delaminations oc-
curred at an impact load of 1.5 kN and fiber failure occurred at
about 1.8 kN. In Fig. 9 the theory is compared with an indentation
experiment on a panel with 0.35-mm woven graphite-epoxy face
sheets on a 25.4-mm Nomex® core.9 In this case the thin face sheet
allows very large deflections before penetration at 1.8 kN, and the
entire behavior can be described by the membrane solution.

A limited parametric study14 based on the present model indicates
that the load-indentation behavior is governed primarily by the core-
crush stress arid face-sheet thickness. The influence of core modulus
and thickness diminishes quickly after initiation of core yielding.

The present model predicts the peak indentation and core-crush
diameter, which are important parameters when predicting1 the
postimpact compressive behavior of sandwich panels. The model
was recently extended27 to predict initiation and growth of face-
sheet damage. The fact that delaminations prior to fiber failure do
not significantly change the membrane stiffness of the face sheet was
used to predict indentation behavior and subsequent fiber failures
after initiation of face-sheet delamination.

IX. Conclusions
Because of their low core strength and thin face sheets, sand-

wich panels under indentation usually undergo core yielding and
large face-sheet deflections. The incorporation of these phenom-
ena in the present model significantly improves predictions of the
load-indentation behavior when compared with previous models as-
suming small deflections and elastic core behavior. The fairly linear
relation between load and indentation observed in many experi-
ments is explained by the combined effect of face-sheet membrane
stiffening and core softening attributable to yielding.

Future work should include a more rigorous membrane analy-
sis and an investigation of the relation between the present one-
dimensional core model and three-dimensional analysis.
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